
ETH Zürich
Institute of Theoretical Computer Science
Dr. J. Lengler
H. Einarsson, R. Nenadov

FS 2013
Graded homework 3

Graphs and Algorithms

Exercise 1 (Nyan Colouring)
Let G = (A,B,E) be a bipartite graph with partite sets A and B and minimum
degree δ. Prove that the following algorithm terminates and returnts a colouring
of edges of G such that for every vertex v and every colour r ∈ [1, δ] there exists
an edge incident to v with colour r. Note that the colouring does not necessarily
have to be proper.

To present the algorithm in a more concise way, we introduce some notation.
For a colouring c : E(G)→ [1, δ], we say that a vertex v ∈ V (G) is non-rainbow
if it is not incident to all colours (i.e. there exists a colour which is not used by
edges incident to v). For any colours α, β ∈ [1, δ], we say that a walk W in G is
a (α, β)-walk if colours of the edges along the walk alternate between α and β
(starting with α). An (α, β)-walk is maximal if it cannot be extended.

Algorithm 1 Nyan Colouring.
Let c : E(G)→ [1, δ] be an arbitrary colouring
while there exists a non-rainbow vertex v ∈ V (G) do

β ← a colour not incident to v in c
α← a colour used by at least two edges incident to v
W ← any maximal (α, β)-walk starting at v

c′(e)←


c(e), e /∈W
β, e ∈W ∧ c(e) = α

α, e ∈W ∧ c(e) = β.

c← c′

end while
return c

Exercise 2 (Line-Line graphs)
Prove that for a graph G it holds that G = L(L(G)) if and only if G is 2-regular.

Exercise 3 (Hamiltonian, Hamiltonian!)
Let G be a simple graph. Prove that if G is 3-regular and Hamiltonian then
L(G) can be decomposed into two edge disjoint Hamiltonian cycles.

Exercise 4 (Little Vizing)
Let G = (V,E) be a graph on n vertices with maximum degree ∆ such that
∆ ≥ 3 and G contains no odd cycles of size larger than 4. Prove that χ′(G) = ∆.



The following challenge exercise is not mandatory, and will not count towards
your final grade. It is more difficult than the other exercises, and requires not
only the understanding of the tools we have seen so far, but also creative thinking.
Solving it will win you a book – see the webpage for the available book prices.
But: only the first submitted correct solution will be awarded! You can submit
your solution via email. Of course, it is an affair of honor that you only hand
in solutions of your own.

Exercise 5 (Challenge Exercise)
Let k ∈ N, and consider a graph G = (V,E) which satisfies the property that
the number of edges in G[V ′] is at most k · |V ′|, for every V ′ ⊆ V . Prove that
the edges of G can be oriented such that the outdegree of every vertex is at
most k.

Hint: One way to solve this problem is to construct a certain bipartite graph
and use Hall’s theorem to show that it has a saturating matching. Then deduce
the orientation of edges from this matching.

Note that this graded homework sheet counts 10% towards your
final grade. As such this is considered as part of your exam and
any attempt to cheat will be dealt with under ETH exam regu-
lations. While you are allowed to talk to fellow students and
consult books or the Internet, we expect you to hand in your own
independent write-up. Please name your pdf as your nethz
username!

Hand in your solutions as a LATEX-typeset .pdf file (also
attach your .tex file) by mail at heinarss@inf.ethz.ch or
rnenadov@inf.ethz.ch until Wednesday 15.5.2013, before 23:59.
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