ETH Zurich FS 2026
Institute of Theoretical Computer Science Handout 3
Prof. Dr. Johannes Lengler

Konstantinos Lakis

Complex Network Models

You may hand in your solutions (handwritten or typeset in LaTeX) to konstantinos.lakis@inf.ethz.ch if
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Exercise 1

Let G ~ G, p, with p = £, 11 > 1. One can show that G has a path of length ©(n) w.h.p.. Using the

n

sprinkling method, show that there exists a cycle of length ©(n) w.h.p..

Exercise 2

For a graph G, we denote by N; the number of vertices of degree d.

1. Let G ~ G, p, with p = p/n, ¢ > 0. Show that E[N;] = O(n).

2. Let for n € N, G(n) = ([n], E,,) be a graph sampled according to some distribution. We assume

that n
Vd € [n—1],E[Ny] > pr
(a) We assume 7 < 2. Show that E[|E,|] = Q(n3~7).
Hint: for o <1, >0 7= = ©O(n'™?)
(b) Show that 7 > 1.
(c¢) Show that if 7 < 2, then the graph is not sparse. More precisely, show that E[|E,|] = w(n).

Exercise 3

Consider n i.i.d. random variables X1, ..., X, with distribution Po(u) for some constant u. Let Xy =
max{Xi,...,X,}. Show that there exist constants C; and C5 such that w.h.p. (i.e. with probability
1—0(1) for n — o0):

logn logn

<Xmax SC

! loglogn — 2 loglogn

Hint: Throughout the course, you may use without proof the Stirling approximation:

n n
n! = (1+o(1))vV2mn (f)
e

or equivalently
log(n!) = nlogn — n+ 3logn + 3 log(27) £ o(1)


mailto:konstantinos.lakis@inf.ethz.ch

