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Complex Network Models

Solution to Exercise 1

Let x > 1.

P[XY = x] =

∫ x

1

P[X = u]P[Y = x/u]
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du

= Θ(1)

∫ x
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(
x
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)−τ

u
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= Θ(1)x−τ

∫ x

1

du

u

= Θ(1)x−τ log x

Solution to Exercise 2

• There are in expectation Θ(Rd) vertices in each of Vs and Vb \ V ′, and the distance between a pair
of vertices from Vs × Vb \ V ′ is Θ(R). For one such pair, there is a strong tie if wuwv ⩾ d(u, v)d,
which happens with probability

Θ(1)

∫ +∞

d(u,v)d
x−τ log xdx = Θ̃(d(u, v)d(1−τ)) = Θ̃(Rd(1−τ))

There is a weak tie with probability

Θ(1)

∫ d(u,v)d

1

x−τ log x
xα

d(u, v)αd
dx = Θ(d(u, v)−αd)Θ(1) = Θ(R−αd)

The overall probability is Θ̃(Rd(1−τ)) + Θ(R−αd) = Θ̃(R−µd). Counting all such pairs, we get in
expectation Θ(R2d)Θ̃(R−µd) = Θ̃(R(2−µ)d) edges.

• Let X ′′ be the cube centered in p of radius R− 1/4. There are Θ(Rd−1) vertices in X ′ \ X ′′. Let v
be such a vertex. Let B(v, 1) be the ball centered on v of radius v. This ball intersects Xb \ X ′ in
area of constant volume. There are in expectation a constant number of vertices in that area, and
all of them are connected to v, since their distance to v is smaller than 1. In expectation, we have
thus at least Θ(Rd−1) = Θ(Rd(1−1/d)) edges between X ′ and Xb.


