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Solution to Exercise 1

Given a vertex, the probability that it is in a component of size 3 is:

P[v in a component of size 3] =P U {v,a,b} is a component of size 3
{a,bre(V )

= (n ; 1) (1 —p)> =3 (p® + 3p*(1 — p))

By linearity of expectation:
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where (1—p)3(~3) is the probability that the 3 vertices are disconnected from the rest, and (3p*(1—p)+p?)
is the probability that the three vertices are connected, i.e. the probability that the number of edges
(which is binomially distributed) is 2 or 3.

Let X} be the random variable counting the number of children of the (k — 1)th discovered node. For a
Galton-Watson tree to be of size 3, there are two possibilities:

ps = P[Xo = 2|P[X; = O]P[X; = 0] + P[Xo = 1JP[X; = 1]P[X> = 0]
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Similar computation yield to:
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The former can, for instance, be obtained by first considering three vertices. They either form 1, 2, or
3 components. In each case, we need at least one edge from the last vertex to each of the components.

The computation is not immediate, but shows all the relevance of the theorem.



Solution to Exercise 2

Let’s fix 4 > 1 and s € N. There are a lot of possible distributions. One such choice is the following:

e ifs=1,PD=0]=1

e clse if p < s —1, then

e clse

In the last case, we have p; > P[D = 1]*"'P[D = 0] = (1 —

used the inequality

Solution to Exercise 3

Let us compute the probability that U and V intersect. We assume k <

intersect necessarily). We have:

P[UNV = 2] =BV € [n] \ U]
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where we used the two inequalities:
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If k = o(y/n), then k < § for n sufficiently large, and P[UNV = @] > 1 —o(1).
Similarly, if & = w(y/n), then PlUNV = @] < o(1).
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