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Exercise 3.1 Big O Notation (1 Point for 4).

1. Write the following in Big O Notation, simplifying them as much as possible.

• 5n3 + 40n2 + 100
Solution: O(n3)

5n3 is the highest ordered term; n2 grows more slowly than n3. �e 5 can be ignored since
it is a constant.

�e following shows this more rigorously: We must show that for some positive C , and for
all n > 1

5n3 + 40n2 + 100 ≤ Cn3

Divide both sides by n3

5 + 40/n+ 100/n3 ≤ C

Notice as n increases, the le� hand side monotonically decreases, so we only have to �nd
C for n = 1. Substitute.

5 + 40 + 100 ≤ C

C must be at least 145.

�en for all n > 1, 5n3 + 40n2 + 100 ≤ 145n3, so 5n3 + 40n2 + 100 = O(n3)



• 12 + 22 + 32 + . . .+ n2

Solution: O(n3)

Recall fromHomework 0 that 12+22+. . .+n2 = n(n+1)(2n+1)
6 .�is simpli�es to 2n3+3n2+n

6 .
Ignoring constants and lower-ordered terms, we get O(n3).

�e following shows this more rigorously: We must show that for some positive C , and for
all n > 1

2n3 + 3n2 + n

6
≤ Cn3

Divide both sides by n3

(2 + 3/n+ 1/n2)/6 ≤ C

Notice as n increases, the le� hand side monotonically decreases, so we only have to �nd
C for n = 1. Substitute.

(2 + 3 + 1)/6 ≤ C

C must be at least 1.

C is a constant, so 1222 + 32 + ...+ n2 = O(n3).

• 2n log3 n
4

Solution: O(n log n)

�e 2 can be ignored since it is a constant coe�cient. �e change of base formula logb n =
loga n
loga b shows that logarithms of di�erent bases vary by only a constant factor, so the base
can be ignored. Finally, a property of logarithms is that log n4 = 4 log n, so the exponent
of the n inside of the logarithm can be ignored.

�e following shows this more rigorously: We must show that for some positive C , and for
all n > 1

2n log3 n
4 ≤ Cn log n

Divide both sides by n log n
2 log3 n

4/ log n ≤ C

8 log3 n/ log n ≤ C

Use change of base formula:
8
log n

log 3
/ log n ≤ C

We get:
C ≥ 8

log 3

�is holds for all n and C is a constant. 2n log3 n
4 = O(n log n).
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2. Place the following functions in order such that if f appears before g, it means that f ≤ O(g). If
multiple functions have the same complexity, please indicate so.

2n2 + n+ n5 2.1n log n n n log n 2n

Solution:�e correct ordering is:

log n n n log n 2n2 + n+ n5 2n 2.1n

Note that 2n grows more slowly than 2.1n. For them to be in the same complexity class, (i.e.
2.1n ≤ O(2n)) there would have to be some constant C , such that C ∗ 2n ≥ 2.1n for all n ≥ n0,
for some positive integer n0. But if we divide both sides of that equation by 2n we get C ≥ 2.1

2

n

for all n ≥ n0, and this is impossible.

3. Prove that if f1(x), f2(x) ≤ O(g(x)), then f1(x) + f2(x) ≤ O(g(x)). Properties like this are
useful with arguing about Big O Notaaion.

Solution: Since both f1 and f2 areO(g(x)), we know that for all x ≥ 1, there exist positive real
numbers C1, C2 that:

f1(x) ≤ C1g(x)

and
f2(x) ≤ C2g(x)

�en f1(x) + f2(x) ≤ C1g(x) + C2g(x) = (C1 + C2)g(x) �us:

∃C3 > 0.∀x ≥ 1, f1(x) + f2(x) ≤ C3g(x)

In this caseC3 can be equal toC1+C2. From this we have shown that. f1(x)+f2(x) ≤ O(g(x)).

4. Prove or disprove the following.

• If f1(x), f2(x) ≤ O(g(x)) then f1(x)
f2(x)

≤ O(1). Assume f1(x), f2(x), g(x) > 0,

Solution:Wewill disprove this. Let f1(x) = x, f2(x) =
√
x, and g(x) = x. x ≤ O(x), x ≤

O(x), but f1(x)
f2(x)

=
√
x � O(1).

• If f1(x) ≤ O(g(x)) and f2(x) ≤ O( 1
g(x)), then f1(x)f2(x) ≤ O(1).

Assume f1(x), f2(x), g(x) > 0,

Solution: Because f1(x) ≤ O(g(x)), there exists C1 such that f1(x) ≤ C1g(x) for all
x ≥ 1.

Becuase f2(x) ≤ O( 1
g(x)), there exists C2 such that f2(x) ≤ C2

1
g(x) for all x ≥ 1.

Assume x ≥ 1. �en

f1(x)f2(x) ≤ (C1g(x))

(
C2

1

g(x)

)
= C1C2

�us:
∃C3 > 0.∀x ≥ 1, f1(x)f2(x) ≤ C3 ∗ 1

In this case C3 = C1C2. From this we have shwon that. f1(x)f2(x) ≤ O(1).
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Exercise 3.2 Graph Representation.

1. For the given graph, express it as an adjacency matrix, and as adjacency lists.

Solution:

Adjacency matrix:

0 0 1 1 0

0 0 1 0 1

0 1 0 1 1

0 0 1 1 0

0 0 0 0 0



Adjacency lists:

A : [C,D]
B : [C,E]
C : [B,D,E]
D : [C,D]
E : []

2. For the given adjacency matrix, draw the graph that it represents, and also express it as adjacency
lists.



0 1 1 0 0

0 0 0 0 0

1 1 0 0 0

0 0 0 1 1

0 0 0 1 1


Solution:

Adjacency lists:

A : [B,C]
B : []
C : [A,B]
D : [D,E]
E : [D,E]

Graph:
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3. For the given adjacency lists, draw the graph that it represents, and also express it as an adjacency
matrix.

A : [D]
B : [C,E]
C : [B]
D : [A,E]
E : [B,D]

Solution:

Graph: Adjacency matrix:

0 0 0 1 0

0 0 1 0 1

0 1 0 0 0

1 0 0 0 1

0 1 0 1 0



4. For the graphs in 3.2, answer the following:

• Is it directed or undirected?

• Is it a bipartite graph?

• Does the graph contain any loops?

• Does the graph contain any Euler cycles?

• Does the graph contain any Euler paths?

Solution: 3.2.1: It is directed. It is not bipartite (A, C, and D are all adjacent to each other). It has
a loop at vertex D. It does not have an Euler cycle and no Euler path.

3.2.2: It is directed. It is not bipartite (A, B, and C are all adjacent to each other). It has loops D
and E. It does neither have an Euler cycle nor an Euler path.

3.2.3: It is undirected. It is bipartite. Partition 1: A, C, E. Partition 2: B, D It has no loops, and it
has an Euler path (A,D,E,B,C), but no Euler cycle.

Exercise 3.3 Graph Coloring (1 Point for 3, 1 Point for 4).

For this exercise, consider the greedy algorithm for graph coloring, where we assign a color to each
vertex, and each vertex is assigned a di�erent color than its neighbors. In the algorithm, we traverse
the vertices in some order. For each vertex, inspect the color assigned to each adjacent vertex, taking
note of which colors are already used. Finally, assign the �rst free color to the current vertex. If there
are no free colors, add a new color to the list.

1. Color the following graph using the greedy algorithm, visiting the vertices in the following order
A,B,C,D,E. How many colors did you use? What is the minimum number of colors necessary
to color the graph?
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Solution:�e coloring: A is red, B is blue, C is blue, D is green, E is yellow. Four colors are used.
�e graph can be colored with 3 colors: A is red, B is blue, C is green, D is blue, E is green. �is
is optimal since A, C, and D are all connected and all must have di�erent colors.

2. Construct an undirected graph that, when visiting the vertices in some particular order, the gree-
dy algorithm uses at least twice as many colors as the optimal coloring. Give that ordering of the
vertices.

Solution: Consider the bipartite graph as shown below. Vertices in A,C,E,G only have ed-
ges to vertices in B,D,F,H and vice-versa. Since the graph is bipartite, it can be colored with
only two colors. However, if one uses the greedy graph coloring algorithm with the ordering
A,B,C,D,E, F,G,H , it uses four colors.

A and B both get assigned the �rst color. C connects to B and D connects to A, so C and D get
the second color. Similarly, E and F get the third color, and G and H get the fourth color.
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3. Show that if every subgraph of an undirected graph has at least one vertex with degree at most
k, then the graph can be colored with at most k+1 colors. Hint: use induction on the number of
vertices in the graph.

Solution:

Base case Assume the graph has 1 vertex. �en the subgraphs are either the full graph or the
empty graph. In either case the graph can be colored with at most 1 color.

Inductive hypothesis. Assume that a graph with n vertices, where each subgraph has at least
one vertex with degree at most k, can be colored with k + 1 colors.

Inductive step. Let G be a graph with n+1 vertices, where each subgraph has at least vertex of
degree at most k. Remove a vertex with minimum degree. Call it v.

We now have a subgraph of G. Call it H. Any subgraph of H is still a subgraph of G, so any
subgraph of H has vertices of degree at most k. By our inductive hypothesis, H can be colored
with k + 1 colors.

Assume H is colored with k+1 colors. All that remains is to color the vertex v, that we removed
from G. G has at least one vertex with degree at most k, and v is of minimum degree. �erefore, v
has degree at most k. �e vertex v has at most k neighbors, so there is at least one color available
to assign to it, so G is colorable with k + 1 colors.

By the principle of mathematical induction, we have shown that if every subgraph of a graph has
vertices with degree at most k, then the graph can be colored with at most k+1 colors.

4. Suppose that every subgraph of an undirected graph G = (V,E) has at least one vertex with
degree at most k. Provide an algorithm to color G with at most k + 1 colors.

Solution: �e solution is as follows: Remove a vertex from the graph with minimum degree.
Color the remaining subgraph recursively. �en color the vertex that was removed.

Another way to say this, as students may not know recursion yet: Maintain a list of vertices.
Remove a vertex with minimum degree from the graph and place it at the beginning of the list.
Continue until the graph is empty.

�is algorithm and its correctness follow from the inductive proof from the previous exercise.
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