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Exercise 5.1 Big-O Notation (No bonus points).

1. For the following code fragment, count the number of times the function f is invoked and express
this in ©-notation as concisely as possible. The function f does not invoke itself.

for(int i = 0; i < nj;
for(int j = 0;
for (int k

£0);
}

}

{

j++) |
k < n; k++) {

Solution: We can count the number of iterations by translating the loops into sums:
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2. For the following code fragment, determine in ©-notation the number of times the function f is

invoked. The function f does not invoke itself.

for(int i = 1;
for (int j

£0);
}

for (int k

£0;
}

i <= 2%n; i+=5) {

<= n; J++) |

kxk < 1000; k = k+1) {



Solution: For each iteration of the i loop, the j loop has ©(4/n) iterations, and the & loop has a
constant number of iterations. Therefore, the operation count of the body of the i loop is O (y/n).
(The k loop is merely a distraction and does not contribute to the complexity of the problem.)

There are ©(n) iterations of the i loop. Thus the number of invocations is ©(ny/n).

Exercise 5.2  Relations between big-O, {2 and © (No bonus points).
1. Prove or disprove: Q(n?) N O(n?) = 6(n?) U B(n?)

Solution: We disprove with the following counterexample. Let f = n?logn. Then f € Q(n?),
f€0(n3),but f ¢ O(n?),and f ¢ O(n3).

2. Is there a function f : N — RT that is neither in O(n?) nor in Q(n?)? If no, prove, if yes, give
an example.

Solution: Yes. For example let

n  if nis even,
=

n° if nis odd.

3. Prove or disprove: Let f,g € O(h), then |f — g| € O(1).

Solution: We disprove with the following counterexample: f(n) = n? + n, g(n) = n?, h(n) =

n2.

4. Is there a non-constant function f : N — R* with f € ©(1)? If no, prove, if yes, give an example.

Solution: Yes. Let f(z) =1+ 1. Then: 1 < f(n) < 2,50 f € O(1).

5. Prove or disprove: Let f < O(g), g < O(h),and h < O(f). Then O(f) = O(g) = O(h).

Solution: There exist constants C, Ca, Cs such that f(n) < C; - g(n), g(n) < Cs - h(n),
h(n) < Cs- f(n) foralln € N.

Take some ¢ € O(f). There exist constants C', C’ such that for all n € N, ¢(n) < C' - f(n) and
f(n) <C"¢(n). Then p(n) < C-Cy-g(n)and g(n) < Cy-Cs-C"- p(n), so ¢ € O(g). Hence
e(f) cely).

Similarly, one can show that ©(g) C ©(h) and that ©(h) C O(f). Therefore, O(f) = O(g) =
O(h).

Exercise 5.3  Recurrence Relations (1 Point for Part 2).
For this exercise, assume that n is a power of two, and that a and c are positive constants.

1. Let f : N — R¥ be defined as f(1) = ¢, and f(n) = 2f(%) + a - n, for n > 2. Assume that
n = 2% is a power of 2, k € N U {0}. Show that:

f(n)=c-n+a-n-logyn.



Solution: This problem is easier to solve by substitution (use 2* for n).
k

f(2%) =2f (22> +a-2% fork>1.

And the equation we want to prove becomes:

f@=c-2"4a-2% -k
We prove it by induction over k.
Base case. Let £ = 0. Then

f@Y=f1)=c=c-2"4+a-2°.0.

Induction Hypothesis. We assume that for some £ > 0 it holds that

f@=c-24a-2% -k
Inductive step (¢ — k + 1). We know that

FFY) = 2F(2F) 4 a- 251,
Using induction hypothesis for f(2%):
F(2F+1) :2<c.2’“+a.2’f.k) ta- okl

:c~2k+1+a-2k+1-k—|—a~2k+l

=c- 2" pa Mk 4 1),

as desired.

. Let f : N = R" be defined as f(1) = a, and f(n) = 2f (%) + an® Assume thatn = 2" isa
power of 2, k € N U {0}. Use telescoping to guess a closed form solution for f (and show how
you did it), and then prove it by mathematical induction.

Solution: First we telescope to see if we can find a solution:
n 2 n n\ 2 9 n n\ 2 n\ 2 9
f(n)=2f (*) +an® =4f (*) + 2a (—) + an® = 8f (—) + 4a (—) + 2a (—) + an”.
2 4 2 8 4
Substitute n = 2%,
k k k—2)2 k-1)2 K\ ? k—3 Lok, Lok k
F(25) =872 +4a (272) 420 (271) a (2°) =825 +a 4 oS AF banah,

We guess a closed form solution:

k
f@)=a-4*> 27 =q-2-4"— a2~
=0

Let’s prove it by mathematical induction over k.

Base case.Let k = 0. f(2°) = f(1) =a=a-2-4° — a - 4°.



Induction Hypothesis. We assume that there is some k£ > 0 such that

f@=a-2-4F—a.2F

Inductive step (k — k + 1).
2k+1

f(2k3+1) — 2f <2) ta- (2]€+1)2 — 2f(2k‘) +a- 4k’+1.

Using induction hypothesis for f(2*) yields:
fEMY =2(a-2-4F—a-28) 4 a4 = g aF P g R g ok — g gk g okt

as desired.

Exercise 5.4  Binary Relations (No bonus points).

In discrete mathematics, you learned that a relation p from a set A to a set B is a subset of the Cartesian
product A x B.If (a,b) € p, then a is related to b. If A = B, then p is said to be a relation on A.

Let A= {f: N — R} Recall that 0 ¢ R*. Then we can define relations on 4, associated with O, {2,
and O in the following way:

pe ={(f.9): f =O(9)}
1. For each of the relations po, pq, po, determine
(a) Ifit is an equivalence relation. Prove or disprove.
(b) If it is a partial order. Prove or disprove.
Solution:

po and pq are not equivalence relations. Let f(n) = n and g(n) = n?. (f,g) € po,but (g, f) ¢
PO, SO po is not symmetric. (g, f) € pq, but (f,g) ¢ pa, so pq is not symmetric.

po is an equivalence relation.

It is reflexive: Let f be any function in A. Then f = ©O(f).

It is transitive: Let f,g,h € A, f = O(g),g = O(h). Then there exist constants C, C, C3,Cy
such that Vn € N, f(n) < Cy - g(n), g(n) < Cs - h(n),and g(n) < Cs - f(n), h(n) < Cy - g(n).
So f(n) < Cy-Cy-h(n)and h(n) < Cs-Cy- f(n), thatis f = O(h) and (f, h) € peo.

It is symmetric: Let f, g € A, (f,g) € po. Then f = O(g) and there exist constants C, Cs such
that Vn € N, f(n) < C1 - g(n) and g(n) < C2 - f(n), so g = ©(f) and (g, f) € pe.

None of these are partial orders. Let f(n) = n, g(n) = 2n. Then (f, g) and (g, f) are both in pp,
pq, and pg. But g # f, so none of the relations are anti-symmetric.

2. We can define a binary relation from a graph: Let G = (V, E) be any directed graph, allowing also
loops, i.e. edges (u, u), where u € V. Then pg = E is arelation on V. (Recall that E C V' x V).

Similarly, we can define a graph from a binary relation: Let pg be a relation on V. Then G =
(V, pc) is a directed graph, possibly with loops.



For each of the following graphs (G, what are the properties (reflexivity, symmetricity, antisym-
metricity, transitivity) of its corresponding relation, pg? Arrows represent directed edges. If a
line has two arrows, it represents two directed edges.

OSSO0

Solution: Every vertex has a loop so pg is reflexive. It is symmetric, but it is not transitive
(B,A),(A,D) € Ebut (B,D) ¢ E.

+ Graph B

« Graph A
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Solution: pg is a partial order. It is transitive, antisymmetric, and reflexive.

o Graph C

(-
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A

Solution: p¢ is not transitive (£ doesn’t have a loop). It is not reflexive (not every vertex
has a loop). It is not symmetric (see A — D but no D — A). It is not anti-symmetric.
(E,F),(F,E) € pcbut E # F.



3. Draw a directed graph G = (V, E), possibly with loops, with 7 vertices and 17 edges that corre-
sponds to an equivalence relation. There can be no duplicate edges in E. If both (u,v) and (v, u)
are in F, it counts as two edges.

Solution: Every vertex in the graph has a loop (that’s 7 edges).

The graph should be comprised of disjoint cliques. There must be a clique of size at least 3, because
we can’t use all of the rest of the edges up with cliques of size 2. The clique of size 3 consumes 6
edges. There are 4 edges remaining, which can only be used for cliques of size 2.

()

The graph looks like this:
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Exercise 5.5 Max Submatrix Sum (2 Points).

Provide an O(n?) time algorithm which given an n x n-matrix M outputs its maximal submatrix sum
S. That is, if M has some nonnegative entries,

= max E g M
0<a<b<n

0<c<d<n i=a j=c
and if all entries of M are negative, S = 0.
Justify your answer, i.e. prove that the asymptotic runtime of your algorithm is O(n?).

Solution: We start with the computation of a matrix of cumulative column sums

= MIK][j]
k=0

Then for each pair of rows a and b, a < b, we compute an array of column sums inside the stripe
between a and b, that is

b
ZZM[Z']U] = CPllj] = Cla—1][j], 0<j<n.

(If a = 0, A[j] = C[b][5]

Then we use a procedure MaxSubarraySum(A) which returns maximal subarray sum of A in time O(n).
Maximal subarray sum of A is equal to

P(a,b) = max >3- ari

i=a j=c



To find maximal submatrix sum, we maximize P(a,b). For more details, see the pseudocode below.

Algorithm 1 Computation of max submatrix sum

procedure MAXSUBMATRIXSUM(M )
cll < M
forl <i<ndo
for0 < j <ndo
Clalj] < C[i — 1][4] + M[i][5]
S+ 0
for0 <a<ndo
fora < b <ndo
for0 < j <ndo
if a = 0 then
A[j] + C[bl]]
else
Alj] « Cbllj] = Cla —1][]

S < max{S, MaxSubarraySum(A)}
return S

Computing cumulative column sum matrix takes time O(n?).

There are O(n?) pairs of rows (a, b) and for each pair we perform O(n) operations: O(n) operations to
compute the array of column sums, O(n) operations to find maximal subarray sum and O(1) operations
to compare maximal subarray sum with the current maximal value.

Hence the total number of operations is O(n?).

Submission: On Monday, 29.10.2018, hand in your solution to your TA before the exercise class starts.



