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Exercise 2.1 Iterative squaring (1 point).

In this exercise you are going to develop an algorithm to compute powers an, with a ∈ Z and n ∈ N, ef-
�ciently. For this exercise, we will treat multiplication of two integers as a single elementary operation,
i.e., for a, b ∈ Z you can compute a · b using one operation.

a) Assume that n is even, and that you already know an algorithm An/2(a) that e�ciently computes
an/2, i.e., An/2(a) = an/2. Given the algorithm An/2, design an e�cient algorithm An(a) that
computes an.

Solution:

Algorithm 1 An(a)

x← An/2(a)

return x · x

b) Let n = 2k, for k ∈ N0. Find an algorithm that computes an e�ciently. Describe your algorithm
using pseudo-code.

Solution:

Algorithm 2 Power(a, n)
if n = 1 then

return a
else

x← Power(a, n/2)
return x · x



c) Determine the number of elementary operations (i.e., integer multiplications) required by your algo-
rithm for part b) in O-notation. You may assume that bookkeeping operations don’t cost anything.
�is includes handling of counters, computing n/2 from n, etc.

Solution: LetT (n) be the number of elementary operations that the algorithm frompart b) performs
on input a, n. �en

T (n) ≤ T (n/2) + 1 ≤ T (n/4) + 2 ≤ T (n/8) + 3 ≤ . . . ≤ T (1) + log2 n− 1 ∈ O(log n) .

d) Let Power(a, n) denote your algorithm for the computation of an from part b). Prove the correctness
of your algorithm via mathematical induction for all n ∈ N that are powers of two.

In other words: show that Power(a, n) = an for all n ∈ N of the form n = 2k for some k ∈ N0.

• Base Case.
Let k = 0. �en n = 1 and Power(a, n) = a = a1.

• Induction Hypothesis.
Assume that the property holds for some positive integer k. �at is, Power(a, 2k) = a2

k .

• Inductive Step.
We must show that the property holds for k + 1.

Power(a, 2k+1) = Power(a, 2k) · Power(a, 2k) I.H.
= a2

k · a2k = a2
k+1

.

By the principle of mathematical induction, this is true for any integer k ≥ 0 and n = 2k.
∗e) Design an algorithm that can compute an for a general n ∈ N, i.e., n does not need to be a power

of two.

Hint: Generalize the idea from part a) to the case where n is odd, i.e., there exists a k ∈ N such that
n = 2k + 1.

Solution:

Algorithm 3 Power(a, n)
if n = 1 then

return a
else

if n is odd then
x← Power(a, (n− 1)/2)
return x · x · a

else
x← Power(a, n/2)
return x · x

∗f) Prove correctness of your algorithm in e) and determine the number of elementary operations in
O-Notation. As before, you may assume that bookkeeping operations don’t cost anything.

Solution: Let’s prove correctness.

• Base Case.
Let n = 1. �en Power(a, n) = a = a1.
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• Induction Hypothesis.
Assume that the property holds for all positive integersm < n. �at is, Power(a,m) = am.

• Inductive Step.
We must show that the property holds for n. If n is even,

Power(a, n) = Power(a, n/2) · Power(a, n/2) I.H.
= an/2 · an/2 = an.

If n is odd,

Power(a, n) = a · Power(a, (n− 1)/2) · Power(a, (n− 1)/2)
I.H.
= a · a(n−1)/2 · a(n−1)/2 = an.

By the principle of mathematical induction, this is true for any integer n ≥ 1.

Let T (n) be the number of elementary operations that the algorithm Power performs on input a, n.
Let’s prove by induction that T (n) ≤ 2 log2 n.

• Base Case.
Let n = 1. �en T (n) = 0 ≤ 2 log2 n.

• Induction Hypothesis.
Assume that the property holds for all positive integersm < n. �at is, T (m) ≤ 2 log2m.

• Inductive Step.
We must show that the property holds for n. If n is even,

T (n) ≤ T (n/2) + 1
I.H.
≤ 2 log2 n/2 + 1 < 2 log2 n.

If n is odd,

T (n) ≤ T ((n− 1)/2) + 2
I.H.
≤ 2 log2(n− 1)/2 + 2 < 2 log2 n.

By the principle of mathematical induction, this is true for any integer n ≥ 1.

Exercise 2.2 Induction.

a) Prove via mathematical induction that for any positive integer n,

(1 + x)n =
n∑

i=0

(
n

i

)
xi ,

where n choose i is de�ned by(
n

i

)
:=

n!

(n− i)! i!
=

n · (n− 1) · · · (n− i+ 1)

i · (i− 1) · · · 1
.

We set
(
n
k

)
:= 0 for k > n and for k < 0. Notice that

(
n
0

)
= 1 because 0! = 1.

Hint: Show �rst the identity (
n

i

)
+

(
n

i− 1

)
=

(
n+ 1

i

)
.

It can be obtained by fractional arithmetic and will be useful for the proof.
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Solution: Proof of hint:(
n

i

)
+

(
n

i− 1

)
=

n!

(n− i)! i!
+

n!

(i− 1!)(n− i+ 1)!

=
(n− i+ 1) · n! + i · n!

i! (n− i+ 1)!

=
(n+ 1)!

i! (n− i+ 1)!

=

(
n+ 1

i

)
.

• Base Case.
Let n = 1. �en (1 + x)1 =

(
1
0

)
x0 +

(
1
1

)
x1 =

∑n
i=0

(
n
i

)
xi.

• Induction Hypothesis.
Assume that the property holds for some positive integer k. �at is:

(1 + x)k =
k∑

i=0

(
k

i

)
xi.

• Inductive Step.
We must show that the property holds for k + 1.

(1 + x)k+1 = (1 + x)(1 + x)k

I.H.
= (1 + x)

k∑
i=0

(
k

i

)
xi

=
( k∑

i=0

(
k

i

)
xi
)
+
( k∑

i=0

(
k

i

)
xi+1

)
=
( k∑

i=0

(
k

i

)
xi
)
+
( k+1∑

i=1

(
k

i− 1

)
xi
)

=

(
k

0

)
x0 +

k∑
i=1

((k
i

)
xi +

(
k

i− 1

)
xi
)
+

(
k

k

)
xk+1

=

(
k + 1

0

)
x0 +

k∑
i=1

(
k + 1

i

)
xi +

(
k + 1

k + 1

)
xk+1 =

k+1∑
i=0

(
k + 1

i

)
xi.

By the principle of mathematical induction, this is true for any positive integer n.

b) Given is a map that is divided into regions by n (pairwise di�erent) straight lines. You want to color
the regions on the map (i.e., the areas bordered by the lines), such that no two neighboring regions
(i.e., regions that share a common segment of a line as a border) get the same color.

Prove by mathematical induction on n, that you can color every such map with 2 colors.
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Figure 1: An example map. De�ned by n = 4 straight lines. �e resulting 6 regions are colored by two
colors.

• Base Case.
Let n = 1. In this case, there are exactly two regions. We color one black and the other one
white.

• Induction Hypothesis.
Suppose that a map de�ned by k lines can be colored with two colors, for some positive integer
k.

• Inductive Step.
We must show that the property holds for k+1. Consider any line l (out of the (k+1) lines).
If we remove this line from the map, by induction hypothesis, we can color the map using two
colors. l divides the map into a le� part and a right part. Now if we take the coloring of the
map without l and �ip the signs in the le� part, we get a coloring of the map with l. Indeed,
take any two neighbouring regions. If they don’t share a common segment that is a part of l,
these regions are neighbouring on the map without l and they are both in the same part (le�
or right), so they should have di�erent colors. If these regions share a common segment that
is a part of l, they have di�erent colors since before �ipping signs they had the same color.

Exercise 2.3 O-Notation of lecture.

Recall the de�nition of O-notation introduced in the lecture:

O(g) = {f : N → R+|�ere exists a constant C > 0 such that for all n ∈ N, f(n) ≤ C · g(n)} .

Prove your statements directly with this de�nition. In particular, you should not use theorems from
Exercise sheet 0.

For example, to show that 4n+1 ∈ O(n) you would look for a constant C such that 4n+1 ≤ Cn for
all n ∈ N. In this example C = 5 is such a constant.

a) Write the following in the asymptotic O-notation. Your answer should be simpli�ed as much as
possible. Unless otherwise stated, we assumeN = N = {1, 2, 3, . . . }. You do not need to check that
the involved functions take values in R+.

1) 5n3 + 40n2 + 100.
Solution: 40n2 ≤ 40n3, 100 ≤ 100n3, hence 5n3 + 40n2 + 100 ≤ 145n3 for all n ≥ 1, so
5n3 + 40n2 + 100 = O(n3)
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2) 12 + 22 + 32 + . . .+ n2.
Solution: O(n3)

Recall from Homework 0 that 12 + 22 + . . . + n2 = n(n+1)(2n+1)
6 = 2n3+3n2+n

6 . We claim that
this is in O(n3). Indeed, for all n ≥ 1 we have n2 ≤ n3 and n ≤ n3, and therefore,

2n3 + 3n2 + n

6
≤ 2n3 + 3n3 + n3

6
= n3.

�e condition holds, e.g., for C = 1. Hence, 12 + 22 + 32 + ...+ n2 = O(n3).

3) 2n log3 n
4 with N = {2, 3, 4, . . .}.

Solution: O(n log n)

We must show that for some positive C , and for all n > 1,

2n log3 n
4 ≤ Cn log n.

�is follows from a direct calculation. We use the formula for base change, logb n = loga n
loga b , and

obtain
2n log3 n

4 = 8n log3 n = 8n
log n

log 3
n =

8

log 3
n log n,

so the condition holds with C := 8/ log 3.

b) Prove that if f1(x), f2(x) ≤ O(g(x)), then f1(x) + f2(x) ≤ O(g(x)).

Solution: Since both f1 and f2 are O(g(x)), we know that for all x ≥ 1, there exist positive real
numbers C1, C2 that:

f1(x) ≤ C1g(x)

and
f2(x) ≤ C2g(x).

�en f1(x) + f2(x) ≤ C1g(x) + C2g(x) = (C1 + C2)g(x)�us, if we set C3 := C1 + C2 then for
all x ≥ 1,

f1(x) + f2(x) ≤ C3g(x).

�us we have shown that f1(x) + f2(x) ≤ O(g(x)).

c) Let f1(x), f2(x), g(x) > 0. Prove or disprove the following.

1) If f1(x), f2(x) ≤ O(g(x)) then f1(x)
f2(x)

≤ O(1).

Solution: We will disprove this. Let f1(x) = x, f2(x) =
√
x, and g(x) = x. x ≤ O(x),

√
x ≤

O(x), but f1(x)
f2(x)

=
√
x � O(1).

2) If f1(x) ≤ O(g(x)) and f2(x) ≤ O( 1
g(x)), then f1(x)f2(x) ≤ O(1).

Solution: Because f1(x) ≤ O(g(x)), there exists C1 such that f1(x) ≤ C1g(x) for all x ≥ 1.

Because f2(x) ≤ O( 1
g(x)), there exists C2 such that f2(x) ≤ C2

1
g(x) for all x ≥ 1.

Assume x ≥ 1. �en
f1(x)f2(x) ≤ (C1g(x))

(
C2

1

g(x)

)
= C1C2
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�us:
∃C3 > 0.∀x ≥ 1, f1(x)f2(x) ≤ C3 ∗ 1

In this case C3 = C1C2. From this we have shown that. f1(x)f2(x) ≤ O(1).

Exercise 2.4 Karatsuba algorithm for polynomial multiplication (2 points).

In this exercise you should design an e�cient algorithm for multiplying polynomials with integer co-
e�cients. For this exercise, we will treat addition, subtraction, and multiplication of two integers as a
single elementary operation. As before, you may ignore any further bookkeeping costs.

a) How many elementary operations are necessary to add or subtract two polynomials of degree k?

Solution: Since a polynomial of degree k has k+1 coe�cients, we need k+1 elementary operations
to add or subtract two polynomials of degree k.

b) Assume that you already know an e�cient algorithm Ak for the multiplication of two polynomials
of degree at most k−1. Design an e�cient algorithmA2k for multiplying two polynomials of degree
at most 2k − 1 that calls Ak at most three times as a subroutine and uses at most O(k) additional
elementary operations. You should describe your algorithm in pseudo-code.

Hint: Let the input polynomials P (x), Q(x) of degree at most 2k − 1 be

P (x) = P0x
0 + P1x

1 + · · ·+ P2k−1x
2k−1,

Q(x) = Q0x
0 +Q1x

1 + · · ·+Q2k−1x
2k−1.

�en write the polynomials as P (x) = xkP ∗(x)+P ∗∗(x) andQ(x) = xkQ∗(x)+Q∗∗(x), where P ∗,
P ∗∗, Q∗ and Q∗∗ are polynomials of degree at most k − 1. Now use the same trick as in Karatsuba’s
algorithm.

Solution:

Algorithm 4 A2k(P,Q)

for i ∈ {0, . . . , k − 1} do
P ∗
i ← Pk+i

P ∗∗
i ← Pi

Q∗
i ← Qk+i

Q∗∗
i ← Qi

L← Ak(P
∗, Q∗)

R← Ak(P
∗∗, Q∗∗)

M ← Ak(P
∗ + P ∗∗, Q∗ +Q∗∗)− L−R

return x2kL+ xkM +R

c) Provide a bound for the amount of elementary operations T (2k) required by your algorithm A2k

in terms of the amount of elementary operations T (k) required by the algorithm Ak. �at is, give a
bound of the form T (2k) ≤ a · T (k) + b(k). Give as precise bound as possible.

Solution:WecallAk three times, so a = 3.We perform 2k additions of integers to computeP ∗+P ∗∗

and Q∗ + Q∗∗. Also we perform 2k − 1 subtractions of integers to compute Ak(P
∗ + P ∗∗, Q∗ +

Q∗∗)−L and 2k− 1 subtractions of integers to subtract polynomial R. We can compute xkM +R
using 3k− 1 additions and �nally we can compute the result using 4k− 1 additions. Hence we can
take b(k) = 2k + 2k − 1 + 2k − 1 + 3k − 1 + 4k − 1 = 13k − 4.
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d) Let k = 2s, for s ∈ N0 (where N0 = {0, 1, 2, 3, 4, . . .}). Find an algorithm Product(k, P,Q) for the
e�cient multiplication of two polynomials P , Q of degree at most k − 1. Describe you algorithm
using pseudo-code.

Solution:

Algorithm 5 Product(k, P,Q)

if k = 1 then
return P0 ·Q0

else
for i ∈ {0, . . . , k/2− 1} do

P ∗
i ← Pk/2+i

P ∗∗
i ← Pi

Q∗
i ← Qk/2+i

Q∗∗
i ← Qi

L← Product(k/2, P ∗, Q∗)

R← Product(k/2, P ∗∗, Q∗∗)

M ← Product(k/2, P ∗ + P ∗∗, Q∗ +Q∗∗)− L−R

return xkL+ xk/2M +R

e) Provide the asymptotic amount of operations required by your algorithm Product(k, P,Q) in terms
of k (i.e., in O-Notation with respect to the degree k). Prove your answer with induction.

Solution: Let T (k) be the number of elementarty operations that Product(k, P,Q) performs in
order to to multiply polynomials P and Q of degree at most k − 1. Let’s prove by induction that
T (k) ≤ 100klog2 3 − 20k, where k = 2s for s ∈ N0.

• Base Case.
Let s = 0 and k = 1. �en T (k) = 1 ≤ 80 = 100klog2 3 − 20k.

• Induction Hypothesis.
Assume that the property holds for s ∈ N0 and k = 2s. �at is, T (k) ≤ 100klog2 3 − 20k.

• Inductive Step.
We must show that the property holds for s+ 1 and 2k = 2s+1.

T (2k) ≤ 3T (k) + 13k
I.H.
≤ 300klog2 3− 60k+13k ≤ 300klog2 3− 47k ≤ 100 · (2k)log2 3− 40k.

By the principle of mathematical induction, this is true for any s ∈ N0 and k = 2s.

Hence T (k) ∈ O(klog2 3).

f) Prove the correctness of your algorithm Product(k, P,Q) via mathematical induction. In other
words: show that Product(k, P,Q) = P ·Q for all k ∈ N such that k = 2s, where s ∈ N0.

Solution:

• Base Case.
Let s = 0, k = 2s = 1. �en P,Q have degree at most 0 and Product(k, P,Q) = P ·Q.

• Induction Hypothesis.
Assume that the property holds for some integer s ≥ 0 and k = 2s. �at is, Product(k, P,Q) =
P ·Q for polynomials P and Q of degree at most k − 1.
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• Inductive Step.
We must show that the property holds for s+ 1 and 2k = 2s+1.

Product(2k, P,Q) = x2kL+ xkM +R

= x2kProduct(k, P ∗, Q∗)+

+ xk(Product(k, P ∗ + P ∗∗, Q∗ +Q∗∗)− Product(k, P ∗, Q∗)−
− Product(k, P ∗∗, Q∗∗)) + Product(k, P ∗∗, Q∗∗)

I.H.
= x2kP ∗ ·Q∗ + xk(P ∗ +Q∗) · (P ∗∗ +Q∗∗)− xkP ∗ ·Q∗ − xkP ∗∗ ·Q∗∗ + P ∗∗ ·Q∗∗

= x2kP ∗ ·Q∗ + xkP ∗Q∗∗ + xkP ∗∗Q∗ + P ∗∗ ·Q∗∗

= (xkP ∗ + P ∗∗) · (xkQ∗ +Q∗∗)

= P ·Q

By the principle of mathematical induction, this is true for any integer s ≥ 0 and k = 2s.
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