Eidgendssische Ecole polytechnique fédérale de Zurich

Technische Hochschule Politecnico federale di Zurigo

Zirich Federal Institute of Technology at Zurich
Departement of Computer Science 07. October 2019

Markus Puschel, David Steurer
Johannes Lengler, Gleb Novikov, Chris Wendler

Algorithms & Data Structures Exercise sheet 3 HS 19

Exercise Class (Room & TA):
Submitted by:
Peer Feedback by:

Points:

The solutions for this sheet are submitted at the beginning of the exercise class on October 14th.

Exercises that are marked by * are challenge exercises. They do not count towards bonus points.

Exercise 3.1  Counting Operations in Loops (2 Points).

For the following code fragments count how many times the function f is called. Report the number of
calls as nested sum, and then simplify your expression in O-notation (as tight and simplified as possible)
and prove your result. For example, in the code fragment

Algorithm 1
fork=1,...,100 do
f0

the function f is called Zi(;ol 1 = 100 times, so the amount of calls is in O(1).

a) Consider the snippet:

Algorithm 2

forj=1,...,ndo
fork=j,...,ndo
f0

Solution: f is called
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b) Consider the snippet:

Algorithm 3

forj=1,...,ndo
fork=3j,...,ndo
for/=1,...,100 do
S0
f0

Solution: f is called
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c) Consider the snippet:

Algorithm 4

fork=1,...,100 do
f0
forj=1,...,ndo
f0
fork=1,...,jdo
fori=1,...,5do
form=1,...,jdo

f0

Solution: f is called
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d) Consider the snippet:

Algorithm 5

forj=1,...,ndo
fork=1,...,j5do
l+1
while [ < j do
f0
1+ 2]

Solution: f is called
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*e) Consider the snippet:

Algorithm 6

forj=1,...,ndo
fork=1,...,j5do
for{=1,...,kdo
form=2/¢,...,ndo

f0

Solution: f is called
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Exercise 3.2  Divide and Conquer (1 Point).

a) List at least two algorithms from your solutions or the sample solutions of sheet 1 and sheet 2 that
are divide-and-conquer algorithms.

Solution: For example, the algorithm Power(a, n) from exercise 2.1 and the algorithm Product(k, P, Q)
from exercise 2.4.

b) Consider the following problem:

You are given a 2¥ x 2¥ chessboard with one missing square and as many L-shaped puzzle pieces
as you want. Each puzzle-piece can cover exactly three squares of the chessboard. As you will show
algorithmically in this exercise, it is always possible to cover such chessboards by L-shaped puzzle
pieces. An example is given in Figure 1 for k£ = 2, where the missing piece is a corner piece.

(a) 4 x 4 chessboard (b) covering

Figure 1: Example of a chessboard and its covering by L-shaped puzzle pieces.

1) Devise a divide-and-conquer algorithm that can cover a 2* x 2¥ chessboard with one missing
square at an arbitrary position for k € {1,2,3,... }. Describe your algorithm using words. Ma-
ke sure to describe how you divide the problem into subproblems and how you handle the base
case(s). Your description should be concise (e.g., it could have a pseudo-code-like form for reada-
bility).

You can assume that each square is represented by its coordinates, specifically, the square in the
lower left corner has coordinates (1, 1) and the square in the upper right corner has coordinates
(2%, 2%). The input of your algorithm is (k, a, b), where a and b are coordinates of the missing
square.

Solution: If £ = 1 (that is, we have a 2 x 2 chessboard) we just place a puzzle on 3 non-missing
squares. If k > 1, we divide the 2F x 2¥ chessboard into 4 sub-chessboards of size 2+~1 x 2k—1
(see Figure 2b). We choose the sub-chessboard that contains the missing square and recursively
cover this sub-chessboard. Then we cover the other 3 sub-chessboards with missing squares in



the center of the original chessboard (purple squares on the picture). Then we put an L-puzzle
on 3 central squares.

(a) 8 x 8 chessboard (b) sub-chessboards

Figure 2: Step of the algorithm

2) Determine the running time of your algorithm in terms of n = 2¥ in O-notation.

Solution: Let T'(n) be a running time of the algorithm described above (where n = 2*). Then
T(2) = 1and T'(n) = 4T (n/2) + 1 (here we count placing one L-puzzle as a single elemen-
tary operation since everything else that this algorithm does is just bookeeping and takes time
proportional to the number of puzzles placed). One can prove by induction that T'(n) = ”23_ L

or just notice that the number of puzzles that cover the chessboard is always "25 L Hence the

running time of the algorithm is O(n?).

Exercise 3.3* Maximum-Submatrix-Sum.

Provide an O(n?) time algorithm which given a matrix M € Z™*™ outputs its maximal submatrix sum
S. That is, if M has some non-negative entries,

b d
S = max E g M;;,
1<a<b<n “ -
1<c<d<n t=a j=c
and if all entries of M are negative, S = 0.

Justify your answer, i.e. prove that the asymptotic runtime of your algorithm is O(n?3).

Hint: You may want to start by considering the cumulative column sums

[
Cij = Z Mkj.
k=1

How can you compute all C;; efficiently? After you have computed C;;, how you can use this to find S?



Solution: We start with the computation of a matrix of cumulative column sums

= > M)
k=0

Then for each pair of rows a and b, a < b, we compute an array of column sums inside the stripe
between ¢ and b, that is

5 = 3 Ml = CBl) - Cla = 11Li), 0<j<n.

(If a = 0, A[j] = C[b][5])

Then we use a procedure MaxSubarraySum(A) which returns maximal subarray sum of A in time O(n).
Maximal subarray sum of A is equal to

Pa,b) = max ZZM

i=a j=c

To find maximal submatrix sum, we maximize P(a, b). For more details, see the pseudocode below.

Algorithm 7 Computation of max submatrix sum

procedure MAXSUBMATRIXSUM(M )
clll < M
forl <i<ndo
for0 < j <ndo
Cli]lj] « Cli — 1][5] + Md][j]
S+ 0
for0<a<ndo
fora <b<ndo
for0 < j <ndo

if a = 0 then
Alj] « C[b][]
else
Alj] < Cb]lj] = Cla —1][J]
% + max{S, MaxSubarraySum(A)}
return

Computing cumulative column sum matrix takes time O(n?).

There are O(n?) pairs of rows (a, b) and for each pair we perform O(n) operations: O(n) operations to
compute the array of column sums, O(n) operations to find maximal subarray sum and O(1) operations
to compare maximal subarray sum with the current maximal value.

Hence the total number of operations is O(n?).



